Bayesian additive regression trees (BART) is a new regression technique developed by Chipman et al. (2008). Its usefulness in standard regression settings has been clearly demonstrated, but it has not been applied to time series analysis as yet. We discuss the difficulties in applying this technique to time series analysis and demonstrate its superior predictive capabilities in the case of a well know time series: the Southern Oscillation Index.
Introduction
The Southern Oscillation Index (SOI) measures the difference in air pressure between Tahiti and Darwin. This value has a strong influence on weather patterns. In De Waal (2009) we see how the October SOI value in particular affects the rainfall and river flows in South Africa. Being able to accurately predict this value into the future is thus very important.
In the past the value of the SOI has been predicted using a classical ARMA approach (Chu & Katz, 1985) . This approach is limited by the fact that is a linear model of the past values and errors. Non-linear models, on the other hand, present unique challenges to the researcher wishing to apply them. A good example is the use of Neural Networks for time series analysis (Giordano, et al. 2007 ).
The biggest challenge is creating prediction intervals, as the standard method does not extend to complex non-linear models. Alternatives exist, but they are computationally expensive. BART models do naturally produce a predictive posterior distribution for predictions, but extending these predictive intervals further than one time interval into the future is not a simple matter.
According to Chipman et al. (2008) , BART models work by summing a large number of small decision trees where each tree explains a small portion of the variation in the target variable. These trees are kept small by placing a strong prior distribution on the size of each tree. The trees themselves differ from standard decision trees in that they are built randomly using a MCMC back-fitting technique. They go on to show that these models have extraordinary predictive power when compared to established techniques.
In order to predict the SOI it may be useful to gain a deeper understanding of the properties of the series. It seems to be a naturally oscillating series with multiple long term cycles, as seen by the extreme peaks in the periodogram below. It is worth investigating the effect of including these cycles in any model one may fit to this series.
The values of the SOI that were used in this analysis were the values from January 1876 until August 2009, making this series fairly long by time series standards. However, BART is by its very nature a data mining model that works best when presented with very large samples. It is this nature that also makes these models prone to over-fitting. We thus treat the modelling of the series using BART as a data mining problem but randomly dividing the sample into a training portion and a testing portion.
Regression Approach to Predicting October's SOI Value Calculation of Model Accuracy
Various measures of model accuracy were calculated by comparing the predictions with the observed values for all past Octobers, but distinguishing between those values that were used to fit the model (sample values) and those values that were kept aside (out-of-sample values). Three of these are reported here for every model: the correlation coefficient (CORR), the mean absolute error (MAE) and the root mean square error (RMSE).
It is important to note that BART models are random models, in that they produce different results every time they are fitted. Also, the allocation of observations to the sample versus out-of-sample is random. Thus, all results and measures reported are an average taken over ten fits, or runs, of the model.
Using all available variables
If we build a model to predict October's value using the twelve months prior as well the as 41st and 73rd months prior to each October we notice the presence of overfitting, that is to say that the out-of-sample predictions are significantly weaker than the sample predictions. Note that for all models in this section a random 80% of the observations are used to train the model and the remaining 20% are used for testing.
Variable Selection
One of the reasons BART models over-fit is because too many trees are used, but that is not the case here, as we have reduced the number of trees to just twenty. In fact, the number of trees used does not seem to have much impact on the results at all. The results are only slightly weaker when say ten or forty trees are used.
The reason for overfitting here seems to be that too many variables are included in the model. We need to perform some form of variable selection, but we need to bear in mind that we are working with a heavily non-linear model and that most standard variable selection techniques are not appropriate. Thankfully, BART has its own, unique, method of variable selection.
It works by reducing the number of trees to the point where the model has to be selective about which variables to use in each branch. The model is then forced to seek out those variables that are most useful in predicting the target variable. Counting the number of times each variable is used in the model produces a measure of the relative importance of each variable.
Applying this technique to our model produces the following relative variable importance (1 = medium relative importance): Note that these results can be improved by fitting the model multiple times and selecting the best model.
There is, however, one glaring problem with this model: we only gain one month by using it. We must have September's value in order to predict October's value.
Excluding September
We can gain another month by excluding September for the previous model. This model is slightly weaker but is, nevertheless, the best model we can produce under these constraints for the purpose of predicting the October value. 
Predictions from further back in time
Making predictions using only higher lags is very difficult. We have already seen that there is some relationship with the previous December as well as May of three years prior but we were unable to find additional useful variables. Thus, we can, at best, achieve results as follows:
Sample CORR MAE RMSE Training 0.49 7.10 8.58 Testing 0.22 7.80 9.40
It is possible to achieve better predictions for October by not focusing on October itself. This is especially true in the first half of each year.
Autoregressive Time Series Approach
In this section we consider every month equal and try to make predictions for the months ahead, completely ignorant of the current date. This is closer to the classic univariate time series approach.
When we use this approach we have twelve times as many observations and so overfitting is less of a concern (but still worth baring in mind). Here we increase the number of trees in each model to 40. We also keep aside a random third of the observations for testing (as opposed to a fifth).
Again, we need to determine the current variables to include in the model. In time series analysis, one method that is often used is the inspection of the correlograms. If we look at the correlograms below and we restrict ourselves to autoregressive models then it is clear that an AR (5) Making predictions into the future with BART models is a great deal more difficult than it is with standard time series models as BART models do not currently allow for situations where the output is to be fed back through the model as input.
If we are merely interested in a point estimate (as above) then we can take the mean prediction as fact and re-fit the model with this value added onto the end of the series. This produces a prediction for two months ahead of the current month, which can, in turn, be added onto the series, etc.
If we require predictive intervals then the above process must be repeated many times using a random value from the predictive posterior distribution instead of the mean or median prediction. This process requires a distributed computing environment to avoid excessive run times on current generation computing hardware. This is worse than the BART model by some way. However, if we look at the BART predictions for the coming months we encounter a problem: In conclusion, the SOI remains a very difficult time series to predict, in spite of the power of BART models.
